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In this work — the second of a pair of articles — we consider transport through spatially symmetric 
quantum dots with leads whose widths or positions do not obey the spatial symmetry. We use the 
semiclassical theory of transport to find the symmetry-induced contributions to weak localization 
corrections and universal conductance fluctuations for dots with left-right, up-down, inversion and 
four-fold symmetries. We show that all these contributions are suppressed by asymmetric leads, 
however they remain finite whenever leads intersect with their images under the symmetry operation. 
For an up-down symmetric dot, this means that the contributions can be finite even if one of the 
leads is completely asymmetric. We find that the suppression of the contributions to universal 
conductance fluctuations is the square of the suppression of contributions to weak localization. 
Finally, we develop a random-matrix theory model which enables us to numerically confirm these 
results. 
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I. INTRODUCTION 

This is work — the second of a pair of articles — on 
mcsoscopic transport through chaotic quantum dots with 
spatial symmetries (see Ref. [l[ for part I) . In both works 
we use recent advances in semiclassical techniques to ad- 
dress the effect of spatial symmetries on weak localiza- 
tion (WL) corrections and universal conductance fluctu- 
ations (UCFs). The aim of the first article was to iden- 
tify the microscopic origin of properties that were earlier 
only known from phenomenological random-matrix the- 
ory (RMT) @, H, 11, H, and furthermore to extend the 
considerations to situations in which RMT is not easily 
applicable. In particular, this includes scenarios where 
symmetries are only partially preserved. To this end, the 
first article [l[ also considered the combined effects of 
magnetic fields, a finite Ehrcnfcst time, and dephasing 
on symmetric systems and also discussed the reduction 
of symmetry-related interference effects by deformations 
of the dots. 

In the present paper, we contrast this 'internal' symme- 
try breaking with symmetry breaking which is due to the 
position or shape of the leads (for examples of such situ- 
ations see Fig. [IJ . We ask what happens to the transport 
if we take a symmetric dot coupled to leads which respect 
the symmetry, and then start moving one of the leads. In 
the fully symmetric situation, the magnitude of UCFs is 
doubled for each independent symmetry, while the weak 
localization correction can be either increased or reduced 
(sometimes remain unaffected) depending on the spatial 
symmetry in question [l|, 0, H|. Arc these symmetry- 
induced effects modified when the leads are deformed or 
displaced? If so, are they sensitive to displacement on 
a quantum scale (of order of a Fermi wavelength) or a 
classical scale (of order of a lead width)? 

The present literature does not offer much guidance to 
answer these questions — indeed, the knowledge on trans- 



port in spatially symmetric systems with displaced leads 
is rather limited. Reference [|| reports that the distribu- 
tion of transmission eigenvalues of a left-right symmetric 
dot with completely asymmetrically-placed leads differs 
slightly from the distribution of a completely asymmetric 
dot. Because the difference is small, symmetric systems 
(such as stadium billiards) with displaced leads are in- 
deed often used as representatives of completely asym- 
metric systems (see, e.g., Refs. [1, H[). Recent works of 
one of the authors, on the other hand, identify a huge 
conductance peak in weakly coupled mirror-symmetric 
double-dots which still remains large even when the leads 
are not placed symmetrically 0, 0| ■ 

A simple consideration of weak localization quickly 
convinces us that it could never be as robust as the above- 
mentioned huge conductance peak in double dots. In sys- 
tems without spatial symmetries, weak localization is the 
counter-part of coherent backscattcring — particle conser- 
vation guarantees that one cannot have one without the 
other. Systems with spatial symmetries have addition 
coherent back- and forward-scattering contributions (as 
discussed in the first of this pair of articles (H). These 
contributions rely on interference between paths that are 
related by spatial symmetry. If those paths do not both 
couple to the leads, they cannot generate an interference 
contribution to conductance. Thus, if we displace one 
lead so much that there is no intersection with its spa- 
tially symmetric partner (W n — in Fig. []} then the 
contributions to coherent forward scattering due to the 
spatial symmetries must vanish. 

The precise distance by which one has to move the lead 
to substantially suppress the symmetry-related contribu- 
tions depends on the detailed position dependence of the 
coherent forward- and backscattering peaks. In princi- 
ple, these coherent interference patterns could oscillate 
on a scale of a wavelength, and thus one might imag- 
ine that a small displacement of that order would suffice. 
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The calculations and numerical computations presented 
by us here show that this is not the case. Instead, the 
coherent forward- and backscattering peaks have a width 
of order the lead width, and do not oscillate on the scale 
of a wavelength. 

These considerations entail that the displacement of 
leads in internally symmetric systems offers a unique 
means to study coherent forward- and backscattering 
processes. From photonic systems it is known that the 
shape of the coherent backscattering cone provides valu- 
able information on the multiple scattering in a sam- 
ple @, m. Based on the results of the present work, 
transport measurements with gradually displaced leads 
promise to give similar insight into the dynamics of elec- 
tronic systems. 

This work is organized as follows. Section [IT] intro- 
duces notation and provides a condensed review of the 
basic semiclassical concepts elaborated in more detail in 
the first of this pair of articles [l| . The following sections 
describe the consequences of displaced leads for the weak 
localization correction in systems with left-right symme- 
try (Sec. IIIip . inversion symmetry (Sec. IIV[) . up-down 
symmetry (Sec. [V]) and four- fold symmetry (Sec. IVI|) . In 
Sec. IVIII we study the magnitude of universal conduc- 
tance fluctuations for all types of symmetry. Finally, in 
Section I Villi we generalize the phenomenological RMT 
model of symmetry breaking (presented in [l|) to the case 
of displaced leads, and compare the results of numerical 
computations to the semiclassical predictions. Our con- 
clusions are collected in Section HXl The appendix con- 
tains some further details on the semiclassical calculation 
of universal conductance fluctuations. 



II. BACKGROUND 

To make this article self-contained we here first fix no- 
tation and then briefly summarize the main concepts of 
the theory of semiclassical transport in systems with spa- 
tial symmetries, developed in the first of this pair of ar- 
ticles [J. 

A. Characteristic scales 

We consider chaotic quantum dots of size L [area A = 
0(L 2 ) and circumference C = 0(L)] which may possess 
any of the following three types of spatial symmetry; a 
left-right mirror-symmetry, an inversion symmetry, and 
an up-down mirror-symmetry. We also consider four-fold 
symmetric systems which simultaneously possess all the 
above symmetries. The quantum dot is perfectly coupled 
to two leads, labelled left (L) and right (R) and carrying 
./Vl and Nr modes, where N K = pfW k /{-kK) ;» 1 for 
k£L,R (here pi? is the Fermi momentum; we also denote 
the Fermi velocity by vf). The quantum dynamics in the 
dot is characterized by a number of time scales, given 
by the time of flight tq = irA/Cvp between successive 



(a) Left-right symmetric dot with asym. leads 




(b) Inversion symmetry dot with asym. leads 




(c) Up-down symmetric dot with asym. left lead 




Figure 1: (colour online), (a) A quantum dot with a left-right 
mirror symmetry, coupled to leads which do not respect that 
symmetry. The left lead (L) has width Wl, the right lead 
(R) has width Wn- The intersection between lead L and the 
mirror image of lead R has width Wn- If the L and R leads 
have no intersection under the mirror-symmetry then Wn = 
0. (b) Same for a quantum dot with inversion symmetry, 
(c) A quantum dot with up-down symmetry, for which each 
symmetry-respecting lead is mapped onto itself. In the figure, 
the left lead is displaced, which reduces the intersection Wnh 
of this lead with its mirror image. 



reflections off the boundaries, the dwell time td = tq x 
C/(Wl+Wr), the dephasing time = I/70 (where 7^ is 
the dephasing rate), and a time scale tb = (B /B) 2 t on 
which a magnetic field destroys time-reversal symmetry. 
Here, Bo ~ h/(eA) is a characteristic field strength at 
which about one flux quantum penetrates the quantum 
dot. In transport, the effect of a magnetic field is felt at 
a smaller magnetic field 

B c = aBoy/T Q /2TD, (1) 

where a is a system-specific parameter of order one 
[Tl| . Furthermore, the quantum-to-classical crossover is 
characterized by the open-system Ehrenfest time = 
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A -1 ln[W /2 /(I/Ap)] and the closed-system Ehrenfest time 
Tg = A _1 ln[L/Ap], where A is the classical Lyapunov 
exponent and Af is the Fermi wavelength [l2l ]. 

In contrast to Ref. [H , we here consider the possibility 
that the leads do not respect the symmetry of the dot. 
As shown in Fig. [T] the displacement from the symmetry- 
respecting position is characterized by the overlap of 
leads under the relevant symmetry operation. For left- 
right mirror symmetry and inversion symmetry, this is 
the width W n of the intersection of a lead with the im- 
age of the other lead. An up-down symmetry maps each 
symmetry-respecting lead onto itself. The displacement 
of lead L (R) is then characterized by the width W n L 
{Wan) of the intersection of this lead with its own mir- 
ror image. In a four-fold symmetric system, the displace- 
ment is characterized by the various widths of intersec- 
tions with respect to the individual symmetries (WnLR 
for left-right mirror symmetry, Wninv for inversion sym- 
metry, WnuD:L for up-down mirror symmetry of lead L 
and VFnuD:R for up-down mirror symmetry of lead R). 



B. Semiclassical theory of transport 

The semiclassical theory of transport [ID, [l4| expresses 
the transport through a quantum dot in terms of classi- 
cal paths 7,7' which connect point yo lead L to point 
y on lead R. Summing over lead modes as in Ref. [l5|, 
the dimcnsionlcss conductance (conductance in units of 
2e 2 /h) is given by 



2irh 



dy^A^Ay 

1,1' 



(2) 



where S 1 = J pdr denotes the classical action of a path, 
and the amplitude A 1 is related to the square-root of the 
path's stability. 

For most pairs of 7 and 7' the exponential in Eq. (|2|) 
oscillates wildly as one changes the energy or the dot- 
shape. Thus they make no contribution to the aver- 
age conductance (where one averages over energy, dot- 
shape, or both). The contributions that survive averag- 
ing are those where the pairs of paths have similar actions 
5 7 ~ Sy for a broad range of energies and dot-shapes. 
In particular, this is the case for the "diagonal contribu- 
tions" to the above double sum (with 7' = 7) , which can 
be anal yze d using the sum rule (in the spirit of Eq. (B6) 
of Ref. 



d0 o / d6p F cos8 
xP(Y,Y ;t)[..-] Yo . (3) 



Here we define P(Y, Y ; t)Sy50St as the classical prob- 
ability for a particle to go from an initial position and 
momentum angle of Y = (j/oi^o) on lead L to within 
(5y, 69) of Y — (y, 8) on lead R in a time within St of 



t. The average of P over an ensemble of dots or over 
energy results in a smooth function. If the dynamics 
are mixing on a timescale -C td, one can approximate 

^P(Y;Y ;t)) = e-*/ TD cos#/[2 (W L + W R ) r D ], which 

results in the classical Drudc conductance 
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Nt,N-\ 



R 



(N L + N R ) 



(4) 



Quantum corrections to this result originate from correla- 
tions of paths 7 and 7' which are not identical, but closely 
related by additional discrete symmetries in the system. 
For asymmetric quantum dots the only possible addi- 
tional symmetry is time-reversal symmetry, which results 
in the ordinary weak localization correction 
and associated coherent-backscattering peak 
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for systems whose classical dynamics exhibit hyperbolic 
chaos. The identification of possible pairings is also at 
the heart of the calculation of the magnitude var(<?) of 
universal conductance fluctuations, which in the semi- 
classical theory naturally takes the form of a quadruple 
sum over classical paths [13, HH . 

Spatial symmetries in such chaotic systems induce fur- 
ther possible pairings both for the average conductance 
as well as for its variance, which are discussed in de- 
tail in the first article in this series In the following 
sections we revisit these results and extend them to the 
case of displaced leads, which is far richer than the case 
of symmetry-respecting leads. 



III. LEFT-RIGHT SYMMETRIC QUANTUM 
DOT WITH DISPLACED LEADS 



We first consider a left-right mirror-symmetric system 
with leads that are (partially or fully) displaced from 
the symmetry-respecting configuration. As shown in 
Fig. [T]Ja), the leads are of different widths and centred 
at different places. The amount of symmetry-breaking 
is characterized by the (possibly vanishing) width Wn of 
intersection between lead L and the mirror image of lead 
R. In Fig. [5] we show the path-pairings for all symmetry- 
induced interference corrections to the average conduc- 
tance. (There is a strong resemblance between these con- 
tributions and the weak localization correction for sys- 
tems with leads that contain tunnel barriers; in particu- 
lar compare the failed coherent forward scattering contri- 
butions in Fig. [2] of this article with the failed coherent 
backs cattering contributions in Fig. 4 of Ref. [13] •) None 
of the contributions listed in Fig. [2] are particularly diffi- 
cult to calculate using the method presented in the first 
of this pair of article This method involves folding 
paths under the spatial symmetry to find ways in which 
one can construct pairings between paths or their im- 
ages, with pairings switching at "effective" encounters; 
see Fig. [3j The difficulty is to find all contributions. One 
crucial check is to verify that the sum of all interference 
contributions to transmission and reflection gives zero, 
thereby ensuring particle conservation. 
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(1) Sucessful coherent forward scattering contribution 




(3) Uniform reduction of transmission and reflection 




Figure 2: (colour online). List of interference contributions to the conductance for a dot with left-right mirror-symmetry when 
the leads are asymmetric. Here the leads have widths Wl and Wr and are centred at different places. The intersection of the 
L lead and the R lead's mirror image has a width Wn and is indicated by the unshaded part of the L lead. The sketches on the 
left are all contributions to transmission from the L lead to the R lead (hence the contributions to conductance). The sketches 
on the right are all contributions to reflection from the L lead back to the L lead. 



The main difference from the equivalent calculation for 
a system with symmetric leads (cf. Ref. is that here 
a pair of symmetry-related paths has a shorter joint sur- 
vival time than the pairs of identical paths in the diagonal 
contribution. When the leads are symmetrically placed, 
the probability of a path staying in the dot (not hitting 
a lead) is strictly identical to the probability of its mir- 
ror image staying in the dot. This ceases to be the case 
when the leads are not symmetric. We deal with this by 
explicitly considering all situations where a path hits a 
lead (in which case it escapes from the system) or the 
mirror image of a lead (in which its mirror image will 
escapes from the system). The probability that either of 
the processes occurs is ( Wl + Wr — W n ) / C per bounce 
at the boundary of the dot, where C is the circumference 



of the dot. We therefore define a modified dwell time 



t d x 
r D x 



W L + Wr 



2(W l + W R - W n ) 

N l +Nr 
2(iV L + N R - N n ) 



(5) 



which characterizes the probability exp[— i/r^] that a 
path and its mirror image are both still in the dot at 
time t. We use this probability in place of exp[— £/td] 
in evaluating all parts of contributions 1 and 2 in Fig. [2] 
where the paths are the mirror image of each other. 
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(a) folding procedure in dot with lelt-right symmetry 





(b) Folding procedure in dot with inversion symmetry 





(c) Folding procedure in dot with up-down symmetry 





Figure 3: (colour online). To find the non-trivial path pair- 
ings, and to evaluate the phase difference between the paths, 
we use the folding procedure introduced in Ref. [l[ (for sym- 
metric leads). Here we consider the extra contributions gener- 
ated by the fact the leads are asymmetric (i.e., contributions 
2i-iv in Fig. [2}. For each spatial symmetry, we give one ex- 
ample of the folding procedure for an unsuccessful coherent 
forward-scattering (or backscattering). The ellipses mark the 
effective encounters, where paths interchange their pairing. 
The other contributions are easily analyzed in the same way. 



LR:ainRcf. 1] 



<<*ff>LR:i = (2^r 2 / dY / dY / dt (6) 
Jn Jn Jo 

x PF cos 6»o (P'(Y, Y ; i)> Rc[e i(s -- s v)A] . 

The limits on the integral indicate that we only integrate 
over the region of the leads which have an overlap with 
each other under the left-right mirror symmetry (the re- 
gions of width Wn marked in Fig. [2]). 

The survival probability (P'(Y,Y ;t)) 



ir r 



n/'DJ 



is that of a 



exp[-t/Ti)]6r56/[ir(W L + W R 
path and its mirror image. The probability per unit 
time for path 7 to hit within (<5r, SO) of a given point 
in the region of phase space defined by the union of 
leads and their mirror images is (P'(Y, Yo; t))SY where 
SY = SrSd. Note that it is Tp rather than td which gives 
the decay rate of (P'(Y, Y ;t)). We express the Y 
integral in terms of the relative coordinates (roj_,po±) 
and define 2~^(ro_L,po_L) an d T[(ro±,Po±) as the time 
between touching the lead and the perpendicular dis- 
tance between 7 and 7' becoming of order W and L, 
respectively. For times less than T^(ro_L,po±)j the path 
segments are almost mirror images of each other, and 
their joint survival probability is the survival probability 
of a path and its mirror image. For times longer than 
this the path-pairs escape independently, but since the 
pairs are made of a path and its mirror image, the 
escape rate is Tq not td. The t-integral in Eq. ([6]) must 
have a lower cut-off at 2T^(r ±,p ±), because that is 
the minimum time for reconvergence. (For shorter times 
there is no contribution, because path 7 and 7' must 
separate to a distance of order the dot size, if they are 
going to reconverge at the other lead). Thus we have 



dY / dt(P'(Y,Y ;i)) 



iVn exp[-T^/r^ - 2{T' L - T^/rj,} 



N L + N B 



(7) 



Successful and failed forward-scattering 
contributions 



The contribution of paths of the type labelled 1 and 
2i-2iv in Fig.[2]have an effective encounter close to a lead. 
These contributions are similar to certain contributions 
in an asymmetric system with tunnel barriers [22| . and 
hence we use a similar method to analyze them here. The 
behavior of path 7' is completely determined by that of 
path 7, so the two paths have the same amplitudes, Ay ~ 
A 7 . The action difference between them is (S* 7 — Sy) = 
(po± +iTiAro±)rQ±, where (^oijPojJ is the component of 
(Y — Yo) which is perpendicular to the direction of path 
7 at Y (23(1 . Using the sum rule in Eq. ([3|), we see that 
the contribution 1 in Fig. fj] is given by (cf . contribution 



where T' L w are shorthand for T' L w(ro±,po±). Note that 
the Tq in the denominator of (P'(Y, Yq; t)) was cancelled 



when we integrated over all times longer than 2T' L . 
small (po_L + rnAro±) we find 



3x(rox,Pox) - A^'ln 



iKL 



0_L 



mAroj 



For 



(8) 



and T^(ro^,poj_) is given by the same formula with L 
replaced by W . Evaluating the integrals over the relative 
coordinates (ro±,pojJ a s in Ref. [l|, we finally obtain 

(<fo>LR:i = N n [2(N L + N R - Nn)}- 1 exph^/r^]. (9) 

The failed coherent forward-scattering contributions 
labelled 2i and 2ii in Fig. [5] come from the window of 
width Wh — W n in the L lead. This causes an enhanced 
probability of hitting the mirror image of that part of 
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lead L. However, the lead R is not there, so this con- 
structive interference peak gets reflected back into the 
dot, and has a probability of A/r/(ATl + N R ) of going to 
lead R and a probability of N^,/(N^, + N R ) of going back 
to lead L [23| . The former is a contribution to transmis- 
sion (and hence to the conductance) while the latter is a 
contribution to reflection. Thus we have 



(SR)hR:2n 



(JV L - N n ) N R expj-Tf/^] 
2(A^l + A^r — N n )(Ni J + N R ) ; 

(Af L -A^ n )AT L exp[-rg/r^] 
2(JVl + AFr — A 7 n)(A 7 L + ATr) 



(10) 
(11) 



By inspection of Fig. [2] it follows that (Sg)^^ is 
given by Eq. (JTUJ) with AFr and A^l interchanged, while 



B. Uniform contributions to transmission and 
reflection 

To evaluate the uniform contributions to transmission 
and reflection, labelled 3i and 3ii in Fig. [21 we divide 
the pairs of paths in this contribution into three regions. 
The first part is when 7 and 7' are the same, and are 
far from the encounter (a time 7V/2 or more away 
from the encounter). Here the probability for the paths 
to escape is 1/td per unit time. The second region is 
where 7' and 7 are the mirror image of each other and 
far from the encounter (a time 7V/2 or more from the 
encounter) . Here the probability of one or both paths to 
escape is l/r^, per unit time. Finally, the third region 
is close to the encounter (less than a time 7V/2 away 
from the encounter). Here the probability for the paths 
to escape the first time they pass through this region 
surrounding the encounter is exp[— TV/tq]. However, 
the conditional probability to escape the second time 
the paths pass through this region (given that they both 
survived the first time) is exp [ — Tyy (1/tq — 1/ t d)] ■ It 
follows that the contribution 3i is given by (<5g}LR:3i = 
(irk)" 1 J L dY / deRe[e^- s -r' )/fi ] (F(Y , e)>, where 

Sy) is the same as for weak 



the action difference 
localization in Refs. 



and 



F(Y ,e) = 2v£ sine / dt I dt 2 /_ dti 



x p F cos6» / dY / dRiP(Y,R 2 ;i - 1 2 ) 
Jr Jc 

x P'(R 2 ,R 1 ;t 2 -i 1 )P(R 1 ,Y ;i 1 ). (12) 

Since the paths are paired with their mirror image be- 
tween time ti and time £ 2 , the survival rate is during 
this time, but it is td at all other times. Evaluating this 
integral with these survival times gives 



{^(Yo,e)) 



-pp COS Uq 



2« 2 T D T r , N r 

2itA N^ + Nr 
x sine exp [-T L (e)/r^]. (13) 



This has two differences from the result for symmetric 
leads in Ref. [l[. The exponent contains not td, and 
the prefactor contains tdt^ not Tp. When integrating 
over e, we obtain a factor of [Ar^] -1 exp[— t^/t^] in place 
of [Atd] -1 exp[— t^/td]. Thus the r^, in the prefactor is 
cancelled (25|. Evaluating the integrals, we get 



(<5S>LR:3i = 
(SR) LR:3ii 



-AT L AT R [AF L + A^ 2 exph^/rfj], (14) 



= -Nl[N L +N R }- 2 exp[-Tyr^. (15) 



These results are of the same form as the weak local- 
ization correction except that the exponent contains 
in place of tq. In particular, we recover the familiar fac- 
tor of —N^N R / (A^l + A^r) 2 even though the joint survival 
time is reduced when the paths are mirror images of each 
other. 

One can next include other suppression effects such as 
asymmetry in the dot and dephasing, which we discussed 
for dots with symmetric leads in Ref. [l|. The only dif- 
ference caused by asymmetric leads is that now the parts 
of contributions affected by asymmetries and dephasing 
(parts where paths are paired with their mirror image) 
decay with a rate Tq instead of td . Thus we find that all 
the contributions listed in Fig. [5] are then multiplied by 
a factor 



cxp[-70T - 7 



asym ' asymj 



1 + (7asym + 14>) t! D 



(16) 



where the expression for the decay rates 7asymi lrf> an d 
timescales f , f asym are the same as for a dot with sym- 
metric leads [l|. 



C. Conductance of a left-right symmetric quantum 
dot with asymmetric leads 

As required by particle number conservation, the seven 
contributions in Fig.[5]sum to zero. In order to obtain the 
conductance, we sum the four contributions to transmis- 
sion from the left lead to the right lead (contributions 1, 
2i, 2iii and 3i), and add them to the Drude conductance 
and the weak localization correction. This gives the con- 
ductance of a chaotic left-right symmetric quantum dot 
with many- modes on each lead (ATl, A^r, N n S> 1), 



(s)lr = 



N h N R 
N L + N R 



R 



(iv L + N R y 



N n e- T v/ T ° 
N L + N R - An 



(17) 



^LR(7asym,70) 



I/Td 



0[N : 



l,rJ> 



where ^LR(7asym, 7<#>) is given by Eq. (fTBjl . The second 
term in the square brackets is the usual weak localiza- 
tion correction, which is suppressed by magnetic fields 
and dephasing according to the function Z{B^$) = 
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cxp[— 70f] [l + (B/B c ) 2 + 7,/,td] . For symmetric leads 
we have iV n = A^ = Nr (and hence r D = Td), and this 
result immediately reduces to the one in Ref. \M. 

It is worth considering two special cases. The first case 
is when the leads are of equal width but not centred at the 
mirror image of each other, such that N n < Al = Nr = 
N. Taking Aw = 1 - w n /W = 1 - N n /N as the relative 
distance (in units of the lead width W = Wl = Wr) by 
which lead L is displaced with respect to the mirror image 
of lead R, and assuming there is no dephasing, magnetic 
field, or internal asymmetry, we find 



(<?) 



LR = "7T "+" T 



N 
2 



1 - Aw 
1 + Aw 



-Q[N' 



(18) 



The second special case is when the lead R is narrower 
but situated entirely within the mirror image of lead L; 
we then have iV n = Nr < N-^. Assuming again that there 
is no dephasing, magnetic field, or internal asymmetry, 



(<?) 



LI! 



N L N R 

Njj + Nr 

N l Nr 
(N h +N R y 



Nr. 



3 - t e/ t d 



0[N } 



L.R.J 



(19) 



1) has a total average conductance of 

N L N R _ 
i 

N n e~ T ^ T ° 



(ff)inv = 



+ 



N h + Nr 

N L N R 



(N L + Nr)i 



N l + N R - N n 



_ c - t e/ t d 



Z wl (B,70) 



0[JVJ 



L,RJ 



(21) 



With the exception of the magnetic-field dependence of 
the second term, this formula is the same as Eq. Q17p for 
a left-right symmetric dot. Thus the two special cases 
discussed below Eq. (fT7|) are directly applicable here. 



UP-DOWN SYMMETRIC QUANTUM DOT 
WITH ASYMMETRIC LEADS 



For up-down symmetric systems, there are a number of 
important differences with the case of left-right symmetry 
discussed in Section IIII1 Firstly, a pair of paths related 
by the mirror symmetry decays jointly at a rate 



As one could scan the narrow lead R across the mirror 
image of the wide lead L, this scenario can be thought of 
as a probe of the shape of the coherent forward-scattering 
peak. The fact that our result Eq. (fT9"|) is independent of 
the position of lead R tells us that the forward-scattering 
peak is uniformly distributed over the region defined by 
the mirror image of lead L. 



IV. INVERSION-SYMMETRIC QUANTUM 
DOT WITH ASYMMETRIC LEADS 



For systems with inversion symmetry the calculation 
follows much as for a left-right symmetry. The one sig- 
nificant difference is the magnetic-field dependence of the 
contributions, which was treated in Ref. [l[. The dis- 
placement of the leads simply requires us to replace td 
with r D in the suppression of contributions by magnetic 
fields, asymmetries in the dot, and dephasing. The sup- 
pression factor therefore takes the form 



-^inv^Tasyn 



1 + (B/B' c y + ( 7asym + ^y D ' 



(20) 



where B' c = aB a ^/to/2t d is given by Eq. ([T]) with td re- 
placed by Tp. As a result, an inversion-symmetric quan- 
tum dot with many modes on each lead (Nl,Nr, N n 



_(UD) 



N^ + Nr 



2N L + 2Nr - NnL - NnR' 



(22) 



where Ahl is the number of modes in the intersection 
of lead L with its own mirror image, and A^r is the 
number of modes in the intersection of lead R with its 
own mirror image. Secondly, the successful and failed 
forward-scattering contributions for left-right symmetry 
are converted into successful and failed backscattering 
contributions for up-down symmetry. In particular, suc- 
cessful backscattering makes no contribute to the conduc- 
tance. The other contributions to transmission are not 
very different from those for left-right symmetry, except 
that one must distinguish AVil from A^ir, and one must 
replace r D by . Summing up the contributions to 

conductance induced by the spatial symmetry, we find 



UD = 



(N nL Nl + N nR Np exphTg/^ UD) ] 
(2N h + 2N R - NnL - Nc\r) (Al + A^) 2 
xZ{j D ( 7a8ym ,74,), (23) 



where 



"^UD (7asyi 



7^) has the same form as 
70) given in Eq. (|16p . but with t d re- 
Like for left-right mirror-symmetry 
(but unlike for inversion symmetry) this contribution is 
unaffected by a magnetic field. 



^LRWasym, 

placed by 
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The average conductance of an up-down mirror-symmetric dot with many modes on each lead is therefore 



(SI) 



N L N R 



UD 



N L N R 
N L + N R (N L + iV R ) 2 



NnLN R N nR N L \ cxp[-r^/4 UD) ] Z UD ( 7asym , 70) 



N R 



■exp[-Tg/r D ] Z wl (S,7 ) 



2N L + 2N R - NnL - N nR 



(24) 



It is worth noting that the spatial symmetry induces 
a reduction of conductance whenever one lead is close to 
symmetric, even if the other lead is completely asym- 
metric (i. e. when iV n L = but N nR ^ 0, or vice 
versa). For example, when both leads have the same 
width (TVl = N R = N) and the right lead is perfectly 
on the symmetry axis (N nR = N R ), but the left lead is 
a long way from the symmetry axis (iVnL = 0), Eq. ([24]) 
reduces to 



(9) 



UD 



N 
~2 



exp[-r^/T^ UD) ] + exp[-7j|/TD] 



0\N~ 



(25) 



assuming no dephasing, magnetic field and no asymmetry 
in the dot. If the Ehrenfest time is much shorter than 
td and r^ , the average conductance of the system with 
one displaced lead is therefore simply (<?}ud = N/2 — 1/3. 

Remarkably, the conductance from the L lead to the 
R lead is therefore affected by the symmetry of the dot 
even when the L lead is completely asymmetric, this 
result is perhaps less counterintuitive when one considers 
reflection (rather than transmission). If one lead is on 
the symmetry axis, then reflection back to that lead will 
be enhanced even if the other lead is a long way from 
the symmetry axis. Since we have particle conservation, 
there must be an associated reduction in transmission 
from one lead to the other (compared to transmission in 
a completely asymmetric situation). 



VI. FOUR-FOLD SYMMETRIC QUANTUM 
DOT WITH ASYMMETRIC LEADS 



A quantum dot with four-fold symmetry simultane- 
ously possesses all three of the spatial symmetries that 
we discuss in this article. The interference corrections 
to the conductance of such a system are simply the sum 
of the corrections due to each of these three symmetries 
(i.e., the presence of the extra symmetries has no effect 
on the contributions which do not respect those symme- 
tries), 



(5g) 



4F 



(Sg) LR + (Sg)i 



(5g) 



UD, 



(26) 



where (Sg) K is the contribution to the average conduc- 
tance induced by spatial symmetry k £ LR, inv, UD. The 
explicit form of this result is easily extracted from the ex- 
pressions in the previous sections. Instead of writing it 



out in full, we consider the special case where the two 
leads have the same width, TVl = N R = N, the Ehren- 
fest time is negligible and there is no dephasing, magnetic 
field or asymmetry in the dot. The average conductance 
then takes the form 



(<?) 



4F 



N 
~2 



N 



nLR 



2N - iVnLR 2N - N r 

-AnUD:L + AT n uD:R 

47V - 7V n uD:L - ATnuD:R 



1 



, (27) 



where A^ilr is the intersection between leads L and R 
under the left-right symmetry, iVnmv is the intersection 
between leads L and R under the inversion symmetry, 
and A/nuD:L (N n \jD-.B.) is the intersection of lead L (R) 
with itself under the up-down symmetry. The final term 
in the square-bracket is the usual weak localization con- 
tribution. 

Since the presence of two of the above mentioned sym- 
metries always implies the presence of the third, it is not 
possible to move the leads such that only one of the N n 
parameters changes. Without affecting the integrity of 
the leads there are only two possible modifications for 
which only two of the parameters change; starting with 
perfectly symmetric leads one can (a) move both leads 
upwards by the same amount so that A/ n LR is unchanged, 
or (b) move both leads by the same amount in opposite 
directions (one up and one down) so that N n i nv is un- 
changed. In principle, it is also possible to break up a 
single lead (say L) in the middle and move the two parts 
into opposite directions (both parts would still be con- 
tacted by the same source or drain electrode); this pre- 
serves 7V n L and N nR but affects the other parameters. 
However, the latter deformation is difficult to realize in 
practice. 



VII. UNIVERSAL CONDUCTANCE 
FLUCTUATIONS WITH DISPLACED LEADS 

Now we turn to the magnitude of universal conduc- 
tance fluctuations (UCFs) in symmetric dots with asym- 
metric leads. Their calculation is generally far more com- 
plicated than the calculation of the average conductance. 
This is illustrated by the fact that there is as yet no semi- 
classical theory of UCFs for leads with tunnel barriers, 
a problem which has many similarities to the problem 
we need to solve here. Thus we restrict ourselves to the 
simplest case of quantum dots with negligible Ehrenfest 
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Figure 4: (colour online). A sketch of semiclassical contributions to UCFs (more specifically, contributions to covar[i?, R']) 
for an up-down symmetric dot with asymmetric leads. There are analogous contributions to UCFs for left-right or inversion- 
symmetric dots (see explanation in the text). In each contribution, paths 1 and 1' go from L lead to L lead, while paths 2 
and 2' go from R lead to R lead. In the sketches, solid lines indicate paths 2 and the image (mirror image or image under 
the inversion symmetry) of paths 1. Path 2' and the image of path 1' are indicated by the dashed lines (only shown at the 
encounters). Thus when paths 2 and 2' are not paired with each other they are paired with the image of 1' and 1 respectively 
(indicated by solid arrowheads). If the system has a time-reversal symmetry then path 2 and 2' can also be paired with the 
time-reverses of the image of 1' and 1, respectively (indicated by the open arrowheads). 



time and negligible dephasing, and only consider mag- 
netic fields which are either negligibly small (B <C B c ), 
or sufficiently strong to break time-reversal symmetry in 
the asymmetric system (B ^> B c ). 

The magnitude of the UCFs (with conductances mea- 
sured in units of e 2 /h) is given by var[g] = var[T], where 
T = tr[tTf] and t is the block of the scattering ma- 
{ r t'\ 

trix S = I , , associated with transmission from 
\t r J 

lead L to lead R. For practical calculations it is ben- 
eficial to exploit the unitarity of the scattering matrix 
(i.e., current conservation), which results in the rela- 
tions T = N L - R = N R - R' with R = tr [r f r] and 
R' = trfr'V'], where r is the block of the scattering ma- 
trix associated with reflection back to lead L, and r' de- 
scribes reflection back to lead R. As a result we can write 
the magnitude of the UCFs in any of the following ways, 

var[g] = var[R] = vai[R'} = covar[i?, R']. (28) 

As for conventional UCFs without spatial symmetries 
[20l l2l| . the semiclassical calculation of covar[i?, R'] is 
most straight-forward, thus we base our calculations on 



this quantity. For the expert reader, Appendix [X] con- 
tains an outline of the calculation of var[i?] and var[i?'], 
showing that they equal covar[i?, R'}. 

All symmetry- induced contributions to covar[i£, R') for 
an up-down symmetric dot are listed in Fig. [5] For a 
left-right or inversion-symmetric dot there are additional 
contributions, which are listed in Fig. [5J In all cases, 
when paths 2 and 2' are not paired with each other, they 
are paired with the images of paths 1' and 1 under the 
appropriate symmetry operation. To keep the sketches 
in Figs. [3] and O as clear as possible, we only show these 
images of paths 1 and 1' (rather than paths 1 and 1' 
themselves). Then the resulting contributions look very 
much like the usual contributions to UCFs in a system 
without a spatial symmetry [2(| Hl[ ■ 

In analogy to the situation in asymmetric systems, 
one would also expect contributions in which paths wind 
around periodic orbits (see Figs. lb,c in Ref. [2l|). For 
example, a symmetric quantum dot will have contribu- 
tions in which path 1' is the same as path 1 except that 
it winds around a periodic orbit p when path 1 does not 
(thus path 1 must come very close to the periodic or- 
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Figure 5: (colour online). A sketch of additional semiclassical contributions to UCFs (more specifically, contributions to 
covar[i?, R']) for left-right or inversion-symmetric dots with asymmetric leads. The contributions listed here must be added to 
those listed in Fig. U (once one sets ClL = PiR = n) to get the full set of contributions for left-right or inversion-symmetric dots. 
The manner in which the contributions are sketched is explained in the caption of Fig. [4] 



bit in phase space), while path 2 is the same as path 
2' except that it winds around the image of the orbit p. 
These contributions are proportional to those analyzed 
for UCFs in asymmetric dots, the only modification be- 
ing that the joint survival probability of a periodic orbit 
and its image is again changed to exp[— t/r^]. Drawing 
on the results of Refs. 0, HH, it follows that the contri- 
butions involving windings around periodic orbits will be 
negligibly small when the Ehrenfest time is small. (This 
observation makes the calculation of the UCFs in the 
present problem significantly simpler than for the case 
with tunnel barriers, where one cannot rule out contri- 
butions from periodic orbits which touch the barriers on 
the leads.) 

A. Effect of time-reversal symmetry 

Inspecting the sketches in Figs. [4] and [5] we see that 
all contributions are doubled when the magnetic field is 
negligible, because path 2 can either follow the image 
of path 1' or the time-reverse of path 1'. Thus we can 
multiple all terms by 2//3, where (3 = 1 for a system with 
negligible magnetic field, B <C B c and (3 = 2 for a system 
with a finite magnetic field, B 3> B c . In the latter case 
the presence of mirror-reflection symmetries allows one 



to define a generalized time-reversal symmetry; however, 
this is already accounted for in the construction of all 
diagrams (see Appendix A of Ref. [l[). 

B. UCFs in an up-down symmetric dot 

The general rules for constructing all contributions to 
the UCFs are the following. Each segment where path 
2 or 2' is paired with the image of path 1' or 1 gives a 
factor of (2ATl + 2ATr — A^l — ^hr) -1 , which arises from 
the survival time Tq D given in Eq. (f2"2"| . Each segment 
where paths 2 and 2' are paired (or paths 1 and 1' are 
paired) gives a factor of (Ni, + A/r) _1 , which comes from 
the conventional survival time tq. Each segment that 
touches a lead gives a factor equal to the number of lead 
modes that the path could couple to; i.e., a lead labelled 
"R — ni?" gives a factor of (ATr — A^r), while a lead 
labelled "R" simply gives a factor of ATr. An encounter 
which touches a lead gives the same factor simple 
path-segment that touches a lead, so again if it is labelled 
"R — fli?" then it gives a factor of (ATr — A^r) (this 
rule is proven by applying the same analysis as was used 
for the successful and failed forward-scattering processes 
in Section IIII A\ ) Finally, encounters deep in the dot 
(i.e., those which do not touch the leads) give a factor of 
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— (2JVl + 2N R — iVnL — N nR ) (this rule can be proven by set of rules we can easily see that contribution (i) in Fig. 
applying the same analysis as was used for the uniform Ogives 
contributions to transmission in Section llll Bp . With this 



c 2 Nl(N R - N nR ) 2 + 2iV L (iV L - N nL )N R {N R - N nR ) + (JV L - iVm.) 2 ^ . * 

1 (2N h + 2N R -N n L-N nR ) 2 (N L + N R ) 2 ' 1 ' 

Next we see that Cm = Ca, and that they are negative because only one of the encounters is deep in the dot (the 
other is near a lead), resulting in 

r . n o 2 N 2 N R (N R - N nR ) + N h (N L - N nL )N 2 

" + m (3 (2N L + 2N R - N nL - N nR )(N L + N R ) 3 ' 



Finally CW gives a positive contribution because it has 
two encounters deep in the dot, and is given by 



NtN* 



(31) 



The total magnitude of the UCFs is given by the UCFs 
of an asymmetric dot, var[g] asym , plus the sum of the 
terms above, i.e., var[g] = var[g] asym + C'i + C'ii + C'iii + C'i V . 
In the limit of perfectly symmetric leads (N n i, = TVl and 
Nnii = N R ), only d v survives and the UCFs have double 
the magnitude as those for an asymmetric dot. In the 
limit of completely asymmetric leads (iV n L = N nR = 0), 
one has C\ + Ca + Cm + C n = 0, and the UCFs have the 
same magnitude as those for an asymmetric dot. 

To express var[g] for arbitrary TVl, N r , iV n L, and N nR , 
we find it beneficial to introduce the quantities n K = 
N K /(N L + N R ) and w K = 1 - N nK /N K , where K = L,R. 
Making use of the fact that ?il + n R = 1 , we find 



var[g] = var[<?] 



a.syni 



(32) 







2 2 



1 - (1 - n h )w h - (1 - n R )w R 
1 + jilWl + n R w R 



where in this notation var[g] asym — (2 / fynf^n^. In the 
special case where N-^ = N R , displacing the leads sup- 
presses the symmetry-induced contribution to UCFs by 
a factor [(2 — wl — w R )/(2 + w r )] . 

In terms of the original quantities JVl, N r , -ZVpL, and 
N nR , Eq. §2$ takes the form 



var[#] = var[#] £ 



(33) 



2 N 2 Nl 



N R N nL /N L + N L N nR /N R 



(3 (N L + 7V R ) 4 y 2N L + 2N R - N, 



nL 



N, 



nR 



where var[g] E 



(2/p)N 2 N 2 (N L +N R )~\ Compar- 



ison with Eq. (|2^|) shows that lead displacement sup- 
presses the symmetry-induced contributions to UCFs by 
a factor that is the square of the suppression of the 
symmetry-induced contributions to the average conduc- 
tance. 



C. UCFs in a left-right or inversion-symmetric 
quantum dot 

For a systems with a left-right or an inversion symme- 
try, we once again find the magnitude of the UCFs by 
evaluating covar[_R, R']. For these symmetries, we must 
consider the contributions in Fig. [5] in addition to those 
in Fig. [4j The origin of the extra contributions in Fig. [5] 
is most clearly understood by considering the case of per- 
fectly symmetric leads. Then the left-right and inversion 
symmetries map lead L onto lead R, which means that if 
path 2 is paired with path 1' then path 2 will hit lead R 
when path 1' hits lead L (meaning the image of path 1' 
hits lead R). One can thereby immediately see that the 
contribution C v in Fig. [5] contributes to covar[i?L, Rr] 
(this was not the case for up-down symmetry, since there 
path 1' hits the same lead as the image of path 1'). For 
asymmetric leads a similar situation occurs. If path 1' 
hits the intersection region of width W n on lead L then 
its image hits lead R; thus path 2 will also hit lead R if 
it is paired with 1' over this segment. 

The rules to evaluate each contribution are the same 
as for up-down symmetry, with now necessarily 7V n L = 
AViR = N n . Using these rules, we find that 

C v + C vi = IJ^^MS^^, (34) 



(3 {2N L + N R - 2N n ) 2 (N L + N R ) ' 



Cvii Cviii ,-, 



2N n N L N* 



P (2N h + N R - 2N n )(N h + N R y 



(35) 



Summing these contributions and writing the result with 
the same denominator as Eq. (|33j) gives 



C v + C v ; + C v ii + Cviii 

2 TV 2 (TV, 



(3 (2N h + N R - 2N n ) 2 (N h + N R ) 4 



(36) 



Adding this set of contribution to those already calcu- 
lated in the previous section, we find that the UCFs of 
a left-right or inversion-symmetric dot with asymmetric 
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leads is given by 



vax[g] 



var[g] asym 
2 



(3 (7V L + iV R ) 4 \N L + N R -N r 



N r 



(37) 



By comparing this with Eq. (|17[) . we find that the sup- 
pression of symmetry-induced contributions to UCFs is 
the square of suppression of the symmetry-induced con- 
tributions to the average conductance (just as we already 
found for an up-down symmetric system). 



D. UCFs in a 4-fold symmetric 

For completeness, we now briefly discuss UCFs in a 4- 
fold symmetric dot with asymmetric leads. A 4-fold dot 
has all three of the symmetries discussed above. Thus 
the UCFs in a four-fold symmetric system are given by 
the sum of all possible symmetry-induced contributions 
(just as with symmetric leads [1|). Given the results in 
the preceding sections, the general formula is easily de- 
termined. Here we give the result for the special case 
N L = N R = N, 



1 

8/3 



N nLR V 



2N 

-/VnUD:L + -/VnUD:R 
AN - 7VnUD:L - WnUD:R 



2N-N n 

2 



+ 1 



(38) 



where iV n LR is the intersection between leads L and R 
under the left-right symmetry, iVninv is the intersection 
between leads L and R under the inversion symmetry, 
and iV n uD:L (AViUDrR.) i s the intersection of lead L (R) 
with itself under the up-down symmetry. The final term 
in the square-bracket represents the usual UCFs for an 
asymmetric dot. 

Note that the suppression of each symmetry-induced 
term goes like the square of the equivalent term in the 
average conductance, Eq. (1271) . 



VIII. COMPARISON TO RANDOM-MATRIX 
THEORY 

In this section we compare the semiclassical predictions 
derived in the previous sections to numerical results ob- 
tained from a phcnomcnological random-matrix model. 
This model generalizes the construction discussed in Sec- 
tion 9 of part I (Ref. 0). 

The general framework is the same as in part I: The 
conductance is obtained from the Landauer formula g = 
tr[vt], where t is the transmission block of a scattering 
ft' 



matrix S = 



t r' 



given by 




S = P T (1- FQ)- X FP. 



(39) 



Figure 6: Left panel: Model of a scatterer (central circle) 
with internal evolution operator F, coupled to ports to which 
modes of the leads can be attached. The labels identify four 
segments, in which the ports are numerated in the direction of 
the arrow (port 1 to M/4 in segment 1, port M/4 + 1 to M/2 
in segment 2, port M/2 + 1 to 3M/4 in segment 3, and port 
3M/4 + 1 to M in segment 4). The dashed lines indicate the 
possible lines of reflection symmetry. Middle and right panels: 
Filled circles indicate ports coupled to the left lead, shaded 
circles indicate ports coupled to the right lead. Shown are a 
fully symmetry-respecting arrangement and an arrangement 
in which both leads are displaced, respectively. 



Here, F is an internal unitary evolution operator of di- 
mension M while P is an M x 2N dimensional matrix 
specified below, and Q = 1 — PP T . 

In part I we assumed that the leads respect the geo- 
metrical symmetries, which allows to fully desymmctrize 
the system. One can then introduce a fixed form of the 
matrix P and attribute the effects of symmetries solely to 
the internal dynamics (the resulting RMT ensembles for 
F are given in Table 2 of Ref. [l| ) . It is clear that this full 
desymmetrization fails when leads are to be displaced. 
For up-down symmetry, for instances, desymmetrization 
identifies two effectively separate systems (consisting of 
modes of even and odd parity) which do not couple to 
each other. Shifting lead modes in this representation has 
no effect since RMT is invariant under the permutation 
of matrix indices. A real displacement of leads, however, 
mixes the states of even and odd parity. The reason for 
this discrepancy is that leads are defined locally in real 
space, while parity is a global symmetry which connects 
remote parts of the system. 

It is therefore necessary to define both the internal evo- 
lution operator F as well as the coupling to the leads P 
in a way which resembles modes in a real-space basis. In 
principle, this can be done, e.g., based on the sinusoidal 
transverse mode profiles of a strip resonator. We adopt 
a similar, but more efficient procedure, whose principle 
idea is shown in Fig. [5] The illustration shows an abstract 
scatterer with M ports which serve as possible contacts to 
the system. For each lead we select N ports (with index 
i n for lead L and j n for lead R) ; the remaining ports are 
closed off. The internal evolution operator F describes 
the transport from port to port. The scattering matrix 
is then given by Eq. (J3H]) where P mn = 5 m . ln + <5 mj „_ N . 

A crucial point of the illustration in Fig. [6] is the nu- 
meration of ports, which are grouped into 4 segments 
that map in specific ways onto each other when symme- 
try operations arc applied, (i) Left-right symmetry maps 
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B = B > B c 


no spatial sym. 
left-right sym. 
inversion sym. 
up-down sym. 
four- fold sym. 


COE(Af) CUE(Af) 
COE 2 (A'//2) A A f COE(Af) A 
DA t COE 2 (A//2) AD 15,4+ CUE 2 (A//2) AD 
CA^ COE 2 (A//2) ylC CA ] COE(Af) AC* 
DA t [ J 4 t COE 2 (A//4) A] 2 AD DA^ L4 1 " COE(Af/2) A] 2 AD 


/ 1 \ / 1 \ 

. _ 1/2 f 1 1 \ „ 0010 , _ 0100 
with A = 2 L ' i [ , C = and D = 

\i -i J 0100 0001 
\ l/ \0 1 0/ 



Table I: Random-matrix ensembles for the internal evolution operator F in a basis which is suitable for displacing the leads 
(see Fig. [SJ). The different entries refer to various geometric symmetries in absence or presence of a magnetic field. We only 
consider the case M mod 4 = 0. Block composition of two identical matrix ensembles of dimension M is abbreviated as 
X 2 (M) = X(M)®X(M). 



segment 1 onto segment 3 and segment 2 onto segment 
4. (ii) Up-down symmetry maps segment 1 onto segment 
2 and segment 3 onto segment 4. (iii) Inversion symme- 
try maps segment 1 onto segment 4 and segment 2 onto 
segment 3. (iv) Four-fold symmetry maps all segments 
onto each other. 



In the basis of these ports, the explicit symmetries of 
the internal evolution operator F are specified in Tabic 
HI Since up-down and left-right symmetry are both man- 
ifestations of a reflection symmetry, they are now simply 
related by a interchanging segments 2 and 3 (as described 
by the matrix C defined in Table [TJ; this is a consequence 
of the fact that we do not fully desymmetrize the up- 
down symmetry (the left-right symmetric case can never 
bc fully desymmctrized because one has to keep track of 
the identity of the leads). A finite magnetic field breaks 
these symmetries, but still allows one to define a gen- 
eralized time-reversal symmetry. Similarly, for vanish- 
ing magnetic field, inversion symmetry is obtained from 
reflection symmetry by interchanging segments 3 and 4 
(as described by the matrix D defined in the table cap- 
tion). The slightly different systematics in the presence 
of a magnetic field arises because the orientation of the 
segments matters; consequently, for inversion symmetry, 
time-reversal symmetry is effectively broken but the ge- 
ometric symmetry itself is still present in the dynamics 
(trajectories still occur in symmetry-related pairs). 



A convenient choice of a fully symmetry-respecting ar- 
rangement of leads which applies to all internal symme- 



tries is given by 



P = 



■NxW 0j^x3N" U^xiN U^xN 
OmxN OmxN OjvtxIN OjvtxN 



0> 



OmxN 



Ij^xN 



0:n"x:n 

0mx3n" 

0]\tx:m 



OmxN OjvtxN Ojvtxiw OjvtxN 



0:n"x:n 
\ OjvtxN 



0nx3V 
OmxN 



Oj^xN 

OjvtxiN 



(40) 



l[N"x!N 
0mx3V / 

where N = N/2 and M = M/4 - N/2. The case of 
a four-fold symmetry in principle allows two symmetry- 
respecting arrangements (aligned along each of the two 
symmetry lines of reflection) ; these two arrangements are 
equivalent in RMT and again related by a reshuffling of 
the 4 segments. The form of P for generally placed leads 
is easily read off Fig. [S] 

Figures (for B < B c ) and (for B » B c ) show 
how the weak localization correction and universal con- 
ductance fluctuations arc affected when the leads are 
moved away from the symmetry-respecting positions. 
The degree of displacement is quantified by a variable 
A = 1 — Wn/W (A = in the symmetric arrangement, 
A = 1 in the asymmetric arrangement). The data points 
are based on an ensemble average over 5000 RMT ma- 
trices with M = 1000 and N = 50, while the curves are 
the predictions of our semiclassical theory, which can be 
written as 

6g(X) = Sg(l) + [Sg(0) - Sg(l)]\^, (41) 



varg(A) = varg(l) + [var<7(0) — var<7(l)] 



1 + A' 



1 - A 
1 + A 



(42) 



Starting from a four-fold symmetry, leads can be dis- 
placed in a manner which still preserves left-right, inver- 
sion, or up-down symmetry To preserve up-down sym- 
metry alone, one can imagine splitting one lead in two 
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Figure 7: (colour online). Weak localization correction (WL, left panels) and universal conductance fluctuations (UCF, right 
panels) as a function of the displacement of both leads from their symmetry-respecting positions for systems with fixed internal 
symmetry. The displacement is measured in terms of A = 1 — Wn/W. The data points (circles with a variety of filling styles) 
are obtained from an average over 5000 realizations of the RMT model described in the text (M = 1000, N = 50). The curves 
show the semiclassical prediction (|41|) for WL and (|42[1 for UCF. Labels 'A — > B' specify the symmetry of the lead arrangement 
at A = (symmetric arrangement) and A = 1 (where at least one of the symmetries is fully removed). In these labels, the 
subscript 4 on A or B indicates that the internal symmetry is four-fold; if this subscript is not present the internal symmetry 
is identical to the one specified by A. In this figure, the magnetic field is set to B — 0. 



and moving the two parts in opposite directions (both 
parts would remain contacted to the same source or drain 
electrode). The remaining symmetry of the lead arrange- 
ment can then be broken by further displacement of the 
leads. In the figures, the subscript 4 is used to distinguish 
these situations (in which the underlying internal sym- 
metry is four-fold) from the symmetry breaking in sys- 
tems with only a single internal symmetry. E.g., the label 
l left/right4 — » asymmetric4' refers to the displacement of 
leads out of a left-right symmetric position where the in- 
ternal symmetry is four-fold, while the label 'left/right 



— > asymmetric' refers to the displacement of leads out of 
a left-right symmetric position where the internal sym- 
metry is itself only left-right symmetric. According to 
our theory, the weak localization correction should be- 
have identically in both situations; this also applies to 
the UCFs. This statement is validated by the numerical 
data. Indeed, excellent agreement of the numerical data 
with the semiclassical predictions is observed in all cases. 

As discussed earlier in this paper, in the up-down sym- 
metric case it is interesting to displace only one lead 
while the other lead remains on the symmetry line (the 
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Figure 8: (colour online). Same as Fig. [7] but for a finite magnetic field. 



symmetry-preserving positions in the up-down symmet- 
ric case are absolute, in contrast to the left-right sym- 
metric case where these positions are relative to each 
other). The effect on the transport is shown in Fig. [5J 
along with the effect of the consecutive displacement of 
the second lead, and the simultaneous displacement of 
both leads. According to our theory, the effects of con- 
secutive displacement of the leads are cumulative: The 
displacement of the first lead is described by Eqs. pTj) . 
(|42|) with A — > A/2 (covering the range [0,1/2]), while the 
displacement of the second lead completes the transition 
according to the substitution A — > (1 + A)/2 (covering 
the range [1/2,1]). The numerical results are in perfect 
agreement with this prediction. 

We conclude with some additional remarks on the 
RMT model. For leads which respect the symmetries, the 
construction presented here is equivalent to the model 



presented in part I (which then is more efficient); this 
equivalence also extends to the symmetry breaking in the 
internal dynamics, which then requires to interpolate be- 
tween ensembles of Table |U Following earlier works, the 
RMT model can be further utilized to include the effects 
of dephasing and a finite Ehrenfest time. For dephas- 
ing, this is achieved by opening additional ports which 
couple to a voltage probe [26[ or a dephasing stub [27| . 
A finite Ehrenfest time is obtained when F represents a 
dynamical system, such as the kicked rotator [12j ] (which 
also possesses discrete symmetries). This strategy can 
also be used to probe the case of dynamics which are not 
fully chaotic (which in the kicked rotator is achieved for 
moderate values of the kicking strength). 
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Figure 9: (colour online). Same as Figs. [7] and [8] but comparing the displacement of both leads for internal up-down symmetry 
(solid circles) to the displacement of the first lead (circles filled on the right), followed by the displacement of the second lead 
(circles filled on the left). 



IX. CONCLUDING REMARKS 

The transport calculations performed here assume that 
the classical dynamics is uniformly chaotic, and in par- 
ticular do not apply to system with islands of stability in 
phase space (such as the annular billiard studied in Refs. 
US Hil) j or networks of chaotic dots inter-connected by 
narrow leads (such as the double dot in Ref. Q). It 
would be intriguing to study the shape of the back- and 
forward-scattering peaks for such systems. 
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Appendix A: OBTAINING UCFS FROM THE 
VARIANCE OF REFLECTION 

In Section I VIII we pointed out that unitarity implies 
covar[i?L, Rr] = var[i?ij = var[i?R,]. Here we outline a 



semiclassical calculation of var[i? L ], which acts as a check 
of the semiclassical calculation of covar[i?L, ^?r] in Sec- 
tion lVIH The rules to calculate each contribution remain 
the same as for covar[i?L, -Rr]- However, the contribu- 
tions that we consider differ by the requirement that all 
paths start and end on the same lead L. 

We know that the result must be invariant under the 
interchange of labels "L" and "R" , and this invariance is 
manifestly obvious in the contributions to covar[i?L, -Rr]. 
In contrast, this invariance is hidden in the contributions 
to var[i?L] that we discuss here. Thus the simplest check 
that one has not missed any contributions is that this 
invariance is present when one sums the contributions. 



1. Up-down symmetric dot 

In the case of an up-down symmetric dot, all contribu- 
tions in both Fig. [Hand Fig.[5]contribute to var[i?ij once 
we change all lead labels so that "R" — ► "L" and "flR" 
— * "flL" (but not vice versa). Writing contributions to 
var[i?ij with a "prime" (to distinguish them from contri- 
butions to covar[i?L, Rr]) we find 
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r , , r , I f~<i _ 2 ^ L (jV L + 7V R ) 2 + 4jV nL (jV L -iV nL )jV L (jV L + iV R )+4(jV L -iV nL ) 2 7Vg 

v vi 1 /3 (2iV L + 27V R -7V nL -iVnR) 2 (iV L + iV R )2 ' 1 } 
C +C> +r!+r! 2 2Nj [N nL (N L + N R ) + 2(N L - N nL )N L ] 

™ viii " m /3 (2N L + 2N R -N nL -N nR )(N Ij + N R )3 ' 1 j 

^ = (JV L + L JV R )4' (A3) 



As in section I VIII we find that this sum is most eas- 
ily evaluated by re-writing the contributions in terms 
n K = N K /{N h + N R ) and w K = l- N nK /N K for k = L, R. 
Performing a little algebra using til + tir = 1, we then 
recover Eq. (|32[) . and therefore var[i?L] = covar[i?L, -Rr.]- 
Furthermore, expression Eq. (|32p is invariant under 
the interchange of labels "L" and "R", which entails 
var[i? R ] = var[i? L ]- Thus the semiclassical method obeys 
the relations var[_RrJ = var[i? R ] = covar[i?L, Rr], as re- 
quired by the unitarity of the scattering matrix. This 
strongly suggests that we have not missed any contribu- 
tions and gives us confidence in the result; particularly, it 
is noteworthy that the individual contributions in var[i?ij 
and covar[i?L, Rr] combine in very different ways to give 
the invariance under the interchange of "L" and "R". 

2. Left-right or inversion-symmetric dot 

The evaluation of var[i? L ] for a left-right or inversion- 
symmetric dot is very similar to that for an up-down 
symmetric dot. However, here, when a path hits the L 



lead then its image hits the R lead. This means that 
there are no contributions to var[i? L ] of the form shown 
in Fig. 03 since all paths must go from the L lead to the 
L lead. Thus to get var[i?ij for a left-right or inversion- 
symmetric dot, we need to subtract those contributions 
from the result for var[i? L ] in an up-down symmetric dot. 
The sum of these contributions to var[i?ij, written with 
the same denominator as in Eq. (|33p . is 

+ Cvi + Cvii + Cviii 

2 N2(Nl-N£)2 

f3 (2N L + N R -2N n ) 2 (N h + N R ) i ' 1 ' 

This only differs by an overall sign from the sum of con- 
tributions in Eq. (|36[) . Subtracting this from the result 
Eq. (|33p . we get var[i?ij for a left-right or inversion- 
symmetric dot. The result equals covar[i?L, Rr] given 
by Eq. (|3T|) . thus we have covar[i?L, Rr] = var[i?L] = 
var[i? R ], as required by the unitarity of the scattering 
matrix. 



[1] R. S. Whitney, H. Schomerus, and M. Kopp, preprint 

larXiv:0906.0891l 
[2] H. U. Baranger and P. A. Mello, Phys. Rev. B 54, R14297 

(1996). 

[3] V. A. Gopar, M. Martinez, P. A. Mello, and H. U. 

Baranger, J. Phys. A: Math. Gen. 29 881 (1996). 
[4] V. A. Gopar, S. Rotter, and H. Schomerus, Phys. Rev. B 

73, 165308 (2006). 
[5] M. Kopp, H. Schomerus, and S. Rotter Phys. Rev. B 78, 

075312 (2008). 

[6] M. Martinez and PA. Mello, Phys. Rev. E 63, 016205 
(2000). 

[7] R. S. Whitney, P. Marconcini, and M. Macucci, Phys. 
Rev. Lett. 102, 186802 (2009). 

[8] R. S. Whitney, P. Marconcini, and M. Macucci, in prepa- 
ration. 

[9] R. Berkovits and S. Feng, Phys. Rep. 238, 135 (1994). 
[10] M. P. Van Albada and A. Lagendijk, Phys. Rev. Lett. 
55, 2692 (1985); P.-E. Wolf and G. Maret, Phys. Rev. 
Lett. 55, 2696 (1985). 
[11] C. W. J. Beenakker, Rev. Mod. Phys. 69, 731 (1997). 
[12] H. Schomerus and Ph. Jacquod, J. Phys. A 38, 10663 



(2005) . 

[13] H. U. Baranger, D. P. DiVincenzo, R. A. Jalabert, and 
A. D. Stone, Phys. Rev. B 44,10637 (1991). 

[14] H. U. Baranger, R. A. Jalabert, and A. D. Stone, Chaos 
3, 665 (1993). 

[15] Ph. Jacquod and R. S. Whitney, Phys. Rev. B 73, 195115 

(2006) . 

[16] I. L. Aleiner and A. I. Larkin, Phys. Rev. B 54, 14423 
(1996). 

[17] K. Richter and M. Sieber, Phys. Rev. Lett. 89, 206801 
(2002). 

[18] S. Heusler, S. Miiller, P. Braun, and F. Haake, Phys. Rev. 

Lett. 96, 066804 (2006). 
[19] S. Rahav and P. W. Brouwer, Phys. Rev. Lett. 96, 196804 

(2006). 

[20] P. W. Brouwer and S. Rahav, Phys. Rev. B 74, 075322 
(2006). 

[21] P. W. Brouwer and S. Rahav, Phys. Rev. B 75, 

201303(R) (2007). 
[22] R. S. Whitney, Phys. Rev. B 75, 235404 (2007). 
[23] The fact that the paths in contributions 2i-iv reflect back 

into the dot slightly changes the action difference be- 



18 



tween them. It was shown in the context of failed coherent 
backscatteringthat this change of the action difference 
is irrelevant [23 ]. 

[24] M. Sieber and K. Richter, Phys. Scr. T90, 128 (2001); 
M. Sieber, J. Phys. A: Math. Gen. 35, L613 (2002). 

[25] This is rather different from the weak localization correc- 
tion with tunnel barriers There the survival proba- 
bility is only different near the encounter, which leads to 
an extra prefactor of the ratio of dwell times (of the form 



Tdi/td2)- There is no such extra prefactor here. 
[26] M. Biittiker, Phys. Rev. B 33, 3020 (1986). 
[27] P. W. Brouwer, K. M. Frahm, and C. W. J. Beenakker, 

Waves Random Media 9, 91 (1999). 
[28] H. Schomerus and C. W. J. Beenakker, Phys. Rev. Lett. 

82, 2951 (1999). 
[29] H.-S. Sim and H. Schomerus, Phys. Rev. Lett. 89, 066801 

(2002). 



